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Two point distributions



Quantify evenness

For every point set Xy = {x1,...,xy} of distinct points, we
assign several qualitative measures that describe aspects of
even distribution.
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Quantify evenness

For every point set Xy = {x1,...,xy} of distinct points, we
assign several qualitative measures that describe aspects of

even distribution.
Then we can try to minimise or maximise these measures for

given N.
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Combinatorial measures

@ discrepancy

N
Dn(Xn) = sup %ZXC(Xn) —0o(C)

n=1
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Combinatorial measures

@ discrepancy
1 N
Dn(Xn) —sup NZ
@ covering radius

On(Xn) = sup min|x — xp,
xe8
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Combinatorial measures

@ discrepancy
1 N
Dn(Xn) —sup N E_

@ covering radius

On(Xn) = sup min|x — xp,
xe8

@ separation
AN(XN) = min ’XZ' — Xj
i#j
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Analytic measures

@ error in numerical integration

N2 X) = ‘ fon /f ) dorg(x
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Analytic measures

@ error in numerical integration

N2 X) = ‘ fon /f ) dorg(x

@ Worst-case error for integration in a normed space H:

wee(Xn, H) = sup In(f, Xn)),
||J}ﬁ§1
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L*-discrepancy and energy

@ L>-discrepancy:

s

N 2
1
D" Xewn(n) = 0O, 1) | doa(x) dt
n=1
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L*-discrepancy and energy

@ L>-discrepancy:

s

@ (generalised) energy:

N 2
1
D Xt (xn) — 0a(Cx, 1) doulx) di
n=1

N N

By(Xn) =Y gl(xi,x;)) = > d(lxi — x4,
i,j=1 ij=1
i#£] i#£]

where g denotes a positive definite function.
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L*-discrepancy and energy

@ L>-discrepancy:

s

@ (generalised) energy:

N 2
1
D Xt (xn) — 0a(Cx, 1) doulx) di
n=1

N N

By(Xn) =Y gl(xi,x;)) = > d(lxi — x4,
i,j=1 ij=1
i#£] i#£]

where g denotes a positive definite function.

L2-discrepancy and the worst case error (for many function
spaces) turn out to be generalised energies of the underlying
point configuration. LLF wilaTy,
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Hyperuniformity in R?

Hyperuniformity = asymptotically uniform + extra order

Counting points in test sets, e.g. balls By

N
NR ::ZHBR(Xi) ) where (Xlw-'aXN)Np%/N)
i=1
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Hyperuniformity in R?

Hyperuniformity = asymptotically uniform + extra order

Counting points in test sets, e.g. balls By

N
NR ::ZHBR(Xi) ) where (Xlw-'aXN)Np%/N)
i=1
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Hyperuniformity in R?

Hyperuniformity = asymptotically uniform + extra order

Counting points in test sets, e.g. balls By

N
Np = Z 1p,(X;), where (Xi,...,Xn) ~ P&N)
=1
The expected number of points in By is

h.
E[Ng] % p|Bg
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Hyperuniformity in R?

The variance measures the rate of convergence.

Example: (X;); i.i.d. = V[Nz] % p|Bxl.

Definition

(p"™)) yen hyperuniform <= lti}anV[NR] ~ |0Bg| for large R

Remarks:
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Hyperuniformity in R?

The variance measures the rate of convergence.

Example: (X;); i.i.d. = V[Nz] % p|Bxl.

Definition

(p™)) e hyperuniform <= lti}anV[NR] ~ |0Bg| for large R

Remarks:

@ If (o)) yew hyperuniform, i.e. R%-term of lim V7 [Ng]
vanishes ’
= R9~!-term cannot vanish.
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Hyperuniformity in R?

The variance measures the rate of convergence.

Example: (X;); i.i.d. = V[Nz] % p|Bxl.

Definition

(p™)) e hyperuniform <= lti}anV[NR] ~ |0Bg| for large R

Remarks:
@ If (o)) yew hyperuniform, i.e. R%-term of lim V7 [Ng]

vanishes
= R%lterm cannot vanish.

@ Hyperuniformity is a long-scale property.
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Hyperuniformity on the sphere

Definition (Hyperuniformity)

Let (Xn)nen be a sequence of point sets on the sphere S¢.
The number variance of the sequence for caps of opening
angle ¢ is given by

V(Xn,¢) = Vx# (Xn N C(x,9)). (1)

A sequence is called
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Hyperuniformity on the sphere

Definition (Hyperuniformity)

Let (Xn)nen be a sequence of point sets on the sphere S¢.
The number variance of the sequence for caps of opening
angle ¢ is given by

V(Xn,¢) = Vx# (Xn N C(x,9)). (1)

A sequence is called
@ hyperuniform for large caps if

V(Xn,¢) =0(N) as N — o (2)

forall ¢ € (0,7) ;
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Hyperuniformity on the sphere (continued)

Definition (continued)
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Hyperuniformity on the sphere (continued)

Definition (continued)

@ hyperuniform for small caps if
V(XN,¢Nn) =0(No(C(-,¢n))) asN oo ()

and all sequences (¢n)nen such that
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Hyperuniformity on the sphere (continued)

Definition (continued)

@ hyperuniform for small caps if

V(Xn,¢n) =0(No(C(¢n))) asN oo  (3)

and all sequences (¢n)nen such that
o limy 00 ¢n =0
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Hyperuniformity on the sphere (continued)

Definition (continued)

@ hyperuniform for small caps if

V(Xn,¢n) =0(No(C(¢n))) asN oo  (3)

and all sequences (¢n)nen such that

o limy 00 ¢n =0
Q limy oo No(C(-, ¢n)) = 0.
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Hyperuniformity on the sphere (continued)

Definition (continued)

@ hyperuniform for small caps if
V(XN,¢Nn) =0(No(C(-,¢n))) asN oo ()

and all sequences (¢n)nen such that

o limy 00 ¢n =0
Q limy oo No(C(-, ¢n)) = 0.

@ hyperuniform for caps at threshold order, if

limsup V(Xy,tN"2) = Ot%) ast—oco. (4)

N—o0
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How to get hyperuniform sequences?

@ jittered sampling
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How to get hyperuniform sequences?

@ jittered sampling
@ determinantal point processes
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How to get hyperuniform sequences?

@ jittered sampling
@ determinantal point processes
@ t-designs of minimal order
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How to get hyperuniform sequences?

@ jittered sampling

@ determinantal point processes
@ t-designs of minimal order

@ QMC-designs
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Determinantal point process in $2

Figure: 10000 sampled points from an i.i.d. process and a DPP, resp.
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Open questions

@ Find relations with other measures of uniformity:
discrepancy, error of integration, energy. ..
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Open questions

@ Find relations with other measures of uniformity:
discrepancy, error of integration, energy. ..

@ Find explicit deterministic constructions for hyperuniform
point sets for any N.

LUF Ty,

P. Grabner Hyperuniformity on the Sphere



Open questions

@ Find relations with other measures of uniformity:
discrepancy, error of integration, energy. ..

@ Find explicit deterministic constructions for hyperuniform
point sets for any N.

@ Find explicit deterministic constructions for point sets
achieving the best possible discrepancy bound (or even a
bound better than N*%)
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